Abstract
Introduction
On-line arithmetic, introduced in [24] , is a mode of computation where operands and results flow through arithmetic units in a digit serial manner, starting with the most significant digit. To generate the first digit of the result, the AE first digits of the operands are required. The integer AE is called the delay of the algorithm. This technique allows the pipelining of different operations such as addition, multiplication and division. It is also appropriate for the processing of real numbers having infinite expansions : it is well known that when multiplying two real numbers, only the left part of the result is significant. On-line arithmetic is used for special circuits such as in signal processing, and for very long precision arithmetic. One of the interests of on-line computable functions is that they are continuous for the usual topology on the set of infinite sequences on a finite digit set.
To be able to perform on-line computation, it is necessary to use a redundant number system, where a number may have more than one representation (see [24, 5] ). An example of such a system is the so-called signed-digit number system. It is composed of an integer base ¬ ¾ and a signed-digit set of the form , with ¬ ¾ ¬ ½. In this sytem addition can be performed in constant time in parallel [1, 4] . On-line multiplication is also feasible [24, 5] . Parallel addition is used internally in the multiplication algorithm.
On-line algorithms for addition, subtraction, multiplication, division and square-root in integer base are well studied, see [2, 6, 19] .
In this paper we study the multiplication in base ¬ when ¬ is a negative integer, or a non-integer real number, or a complex number of the form
It is known that any real number can be represented in negative integer base without a sign [12, 13, 15] , and that, with a signed-digit set, addition is computable in constant time in parallel, and is computable by an on-line finite state automaton [7] . We show that the on-line multiplication used in the signed-digit number system can be applied in negative base. Negative base is related to some complex number systems, see below.
When the base ¬ is a real number ½, by the greedy algorithm of Rényi [23] , one can compute a representation in base ¬ of any real number belonging to the interval ¼ ½ , called its ¬-expansion, and where the digits are elements of
In such a representation, when ¬ is not an integer, not all the patterns of digits are allowed (see [21] Representation of numbers in non-integer base is encountered for instance in coding theory, see [10] , and in the modelization of quasicrystals, see [3] .
In [8] we have studied the problem of the conversion in a real base ¬ from a digit set ¼ with ¬ to the canonical digit set ¬ , without changing the numerical value. Addition and multiplication by a fixed positive integer are particular cases of digit set conversion. We have proved that the digit set conversion is on-line computable.
Moreover, if the base ¬ is a Pisot number 1 this conversion is realizable by an on-line finite automaton. This means that in the Pisot case, digit set conversion needs only a finite storage memory, independent of the size of the data. However, addition is not computable in constant time in parallel.
In this work, we prove that multiplication of real numbers represented in real base ¬ is on-line computable with a certain delay explicitly computed. Our algorithm can be applied to the particular case that ¬ is an integer. With digit set ¼ ¬ , this is the CarrySave representation. The delay of our on-line multiplication algorithm in the Carry-Save representation is greater than the delay of on-line multiplication in the signed-digit representation, but the Carry-Save representation takes less memory.
We then consider the Knuth complex number system, which is composed of the base ¬ Ô Ö, with Ö ¾ an integer, and canonical digit set ¼ Ö ½ . Every complex number has a representation in this system [12] . This allows a unified treatment of the real and imaginary parts of a complex number. We show that in the Knuth number system with a signed-digit set , with Ö ¾ Ö ½, multiplication is on-line computable. It is known that addition is computable in constant time in parallel, and is computable by an on-line finite state automaton [7] . The case ¬ ¾ together with the signed-digit set ¾ ¾ , has been considered in [17, 16] with practical applications.
Other complex numeration systems have been considered. For instance the Penney complex number system consists of the complex base ¬ ½ · and the canonical digit set ¼ ½ . Every complex number is representable in this system, and the representation is unique and finite for the Gaussian integers [22] . It is shown in [25] that in base ½ · with signed-digit set ½ ¼ ½ multiplication is online computable. The techniques are different from the ones used in the Knuth number system.
Preliminaries

On-line computability
Let and be two finite digit sets, and denote by AE the set of infinite sequences of elements of . Let 
which is on-line computable with delay AE. Note that apriori, because of redundancy, the result of such a process is not unique, but the algorithms we shall consider later on are deterministic, and thus compute a function.
In the following, we will make the assumption that the operands begin with a run of AE zeroes. This allows to ignore the delay inside the computation.
Number representation
A survey on numeration systems can be found in [14, Chapter 7] . Let be a finite digit set of real or complex digits and let ¬ be a real or complex number such that ¬ ½. A ¬-representation of a real or complex number Ü with digits in is a finite or a right infinite sequence´Ü µ Ò
In this paper we consider only representations of the form´Ü µ ½ ¾ AE representing a number Ü equal to 
Signed-digit number system
The base is a positive integer ¬ ½. With a signed-digit set of the form Ë , ¬ ¾ ¬ ½ the representation is redundant and addition can be performed in constant time in parallel, and is computable by an on-line finite automaton, [1, 4, 19] .
Negative base numeration systems
Let the base be a negative integer ¬ ½. It is well known (see [12, 13, 15] ) that any real number can be represented without a sign in base ¬ with digits from the canonical digit set ¼ ¬ ½ . With a signed-digit set of the form Ì , with ¬ ¾ ¬ ½ the representation is redundant and addition can be performed in constant time in parallel, and is computable by an on-line finite automaton [7] .
Representations in real base
Let ¬ be a real number ½, generally not an integer. Any real number Ü ¾ ¼ ½ can be represented in base ¬ by the following greedy algorithm, [23] It is shown in [8] that addition in real base is on-line computable. When the base is a Pisot number, addition is computable by an on-line finite automaton.
Knuth number system
Here the base is a complex number of the form ¬ Ô Ö, where Ö is an integer ¾. Any complex number is representable in base ¬ with digits in the canonical digit set ¼ Ö ½ (see [12, 11, 9] 3 On-line multiplication algorithm in integer base
Classical on-line multiplication algorithm
First we recall the classical algorithm for on-line multiplication in the signed-digit number system, see [24, 5] . We give our own presentation. 
· ½ end 
On-line multiplication in negative base
Now we consider the case where the base is a negative integer ¬ ½ and the digit set is Ì , ¬ ¾ ¬ ½. Output: a sequence Ô ´Ô µ ½ of AE such that
AE · ½ 
Carry-Save versus Signed-Digit
In this section ¬ is an integer ½. Take ¼ ¬ , then the representation on is redundant. We call it the Carry-Save representation, because it is used in computer arithmetic under that name in the case that ¬ ¾ for internal additions in multipliers, see [18] . The delay for multiplication in the signed-digit representation is better than in the Carry-Save representation, but note that the digit-set in the signed-digit representation has cardinality ¾ · ½ , to be compared to card´ µ ¬ · ½ , and the digits in being nonnegative take less memory to be stored. 
